The accuracy of atomic co-ordinates derived from Fourier series in X -ray structure analysis. I l l
In previous papers (Booth 1945 (Booth , 1946 (Booth , 1947 ) the author has considered the effects of experimental errors in the Fourier coefficients, and also of the termination of the series, upon the accuracy of atomic co-ordinates derived in the Fourier method of X-ray structure analysis. This paper contains an account of further investigations. An improved treatment of finite summation errors in the diatomic case is given, and a simple relation for comparing the accuracy in structures whose atoms are in different states of thermal motion is derived. The results are applied to an examina tion of the artificial temperature-factor method of securing convergence.
The work is completed by extending all the results to the cases of one-and twodimensional summation. (For § § 1 to 11 see Booth 1947.)
. F in it e su m m a t io n i n t h e d ia t o m ic c a se
It was shown, in § 6, that the general Fourier summation can be considered to be composed of as many independent parts as there were atoms in the unit cell, and this led, in § 8, to the idea that the finite summation error in the calculated position of a particular atom was the sum of those due to independent incomplete series based on all other atomic positions as origin.
The terminated three-dimensional series for the electron density in the vicinity of an atom at the origin is (6-16)
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this may be written approximately
where (a*, b*, c*) are the reciprocal axes (A/a, A/6, A/c), and the integration extends throughout a sphere in reciprocal space having radius p and containing the reciprocal points of all planes included in the summation (12-1). Observing th a t h = £/a*, k = £/6*, 1 -Vlc* the integral (12-2) may be written Accuracy of atomic co-ordinates in X -ray structure I l l 483 
If dDjds is to be a maximum d2Djds2 -0, i.e. In the case of two-dimensional summation the integral (12*2) becomes -8) and making similar transformations to the above
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where This reduces to
dv,
and, proceeding exactly as before,
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The one-dimensional synthesis can be treated similarly, and the three results are here collected for reference:
One dimension: IT where, in all cases, cr -p/X. I t follows from a slight extension of part I, § 4, th a t the density 'projection' is given by Accuracy of atomic co-ordinates in X -ray structure . I l l 485
where n is the number of dimensions of summation. If a distribution of this form is distant (6) from the origin of the summations considered above, the resulting density is
The maximum of Dn will be slightly displaced from by a small quantity, 8n say, given by 0, neglecting second order terms, whence (12-13) the appropriate expression for the differential coefficient being selected from (12-10) to (12-12). Assuming the numerical values: It is seen that the error due to finite termination is of the same order whatever the dimensions of the summation, and also that the more refined treatment given above leads to estimates of error which are in all cases less than those derived by means of the simple considerations of part II, § 8, which are thus justified.
The above method of treatm ent can of course be extended to the case where the l2) r*+r*+c*> symmetric function; the results would, however, be the same in the numerical examples examined. scattering function, here taken as AexpJ^ -+ ^ + is any spherically
The Fourier integral gives the error as independent of the size of the unit cell. This is, of course, only approximately true, especially in the case of very small cells where the assumption of uniform filling of the reciprocal space implied in (12*2) is not justified. In this case the naive treatm ent of p art II, § 8, would probably give results more in accord with the truth.
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13. E f f e c t of t h e r m a l m o tio n in d if f e r e n t s t r u c t u r e d e t e r m in a t io n s I t was shown, in (6-12), th at the scattering facto r,/, of an atom could be repre sented by ' (13-1) f = N exp and since the limit of observable | F | values, in similar structures containing the same number of atoms, is directly proportional to /; it follows th a t if in the two structures the observable reflexions extend to reciprocal spacings and p% respectively,then or, if the structures contain the same type of atom,
Pi pi Pi
Now the errors, in each case, are given by (12-10) to (12-13), whence, making various obvious approximations and using (13-2), it follows th a t A 2 y > y z+n) where n is the number of dimensions of summation. If the structures contain widely differing numbers of atoms the above simple treatm ent is not valid and it would be necessary to work with the values of | j instead of /. This, unfortunately, renders the direct comparison given above impossible, and up to the present no reasonable method of simplification has been found.
I m p r o v e m e n t of co-o r d in a t e s
The computation of correcting syntheses as described in part II, § 10, is necessarily a laborious operation, and the author was led to examine the 'artificial temperature factor' (suggested by Bragg & West (1930) and van Reijen (1942) as an aid to re moving spurious detail in the interatomic regions of a synthesis) as a means of reducing finite summation errors. The introduction of this factor is made by m ulti plying each term of a synthesis by the appropriate value of exp -a(p/A)2, where a is a constant. The result is to make all high-order terms very small and so improve the convergence of the series. The effect must not be confused with th at considered in § 12, since, in the present case, the high-order terms observed and are included on a very small scale in the synthesis. The density distribution corresponding to this scattering factor can be obtained, either by Fourier inversion, or, more simply, by comparison with (4-2) and (6T 2), and is (14*2)
Now it is evident from (12T0) to (12T3), that by making a large enough the finite summation error can be made as small as desired, but at the same time the spreading of the density distribution, implied in (14*2), will cause mutual distortion of the atomic peaks in the manner treated in part II, §7. Using (14-2) with (7*4), the deviation produced in each of a pair of adjacent atomic peaks is
The interesting function is the sum of the two errors Modifying (12*10) in the light of (14*1), 8b ecomes (in the three-dimensional case) The values of these functions are given in table 2 for various values of a; it is al with Cu K a radiation, S -1*4 A, and Nx -N2. It follows that as a single means of increasing accuracy the artificial temperaturefactor method is untenable. Its possible use in this field would be, however, to eliminate the finite summation error almost entirely by taking 3*0 say, and then to correct the resulting atomic positions for mutual interference by means of (14-3). Possible advantages of this method lie in the facts th a t atoms, situated symmetric ally with respect to their neighbours, require no correction, and also, th at the effect of the experimental errors, which are most pronounced in small high-order terms, is diminished. In addition, the effect of closest neighbours need alone be considered, since the more remote atoms will contribute insignificantly to the distribution.
15.
E xperimental errors in one-and two-dimensional syntheses
In the case of a one-dimensional or line synthesis the distribution function is (15-1) having the Fourier expansion~
Proceeding in the same manner as in part I, § 5, the error in co-ordinates, due to experimental errors in the j F| , is found to be given by 
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These results form the raison d'etre of three-dimensional syntheses, whose merit is seen to be the reduction of experimental errors. The three forms are collected together for reference below: where v represents a, A or V according to the dimensions of the synthesis.
Co n c l u s io n
A more refined treatm ent of the question of deviations of maxima due to finite summation in Fourier synthesis leads to the result th at errors due to this cause are of the same order whatever the dimensions of the summation, assuming, of course, th at the resolution is the same in each case. The superiority of the three-dimensional methods is revealed in an examination of the co-ordinate deviations produced by experimental errors in the | F | values, where examination of a numerical example shows the one-dimensional synthesis to introduce errors ten times as great as those in a corresponding three-dimensional synthesis.
A critical discussion of the 'artificial temperature factor' method of securing rapid convergence shows it to result in large errors due to mutual interference of electron density distributions and a method of correcting for this displacement is suggested.
Quantitative examination of the problem of real thermal motion shows the errors to increase with increasing thermal vibration, in accordance with a simple power law.
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